Abstract. In §1 we study the p-groups G containing exactly p + 1 subgroups of order p p and exponent p. A number of counting theorems and results on subgroups of maximal class and p-groups with few subgroups of given type are also proved. Counting theorems play crucial role in the whole paper.
This paper is a continuation of [Ber1, Ber3, Ber4, BJ2] . We use the same notation, however, for the sake of convenience, we recall it in the following paragraph.
In what follows, p is a prime, n, m, k, s, t are natural numbers, G is a finite p-group of order |G|, o(x) is the order of x ∈ G, Ω n (G) = x ∈ G | o(x) ≤ p n , Ω * n (G) = x ∈ G | o(x) = p n and ℧ n (G) = x p n | x ∈ G . A p-group G is said to be absolutely regular if |G/℧ 1 (G)| < p p . Let e p (G) be the number of subgroups of order p p and exponent p in G and c n (G) the number of cyclic subgroups of order p n in G. A p-group G of order p m is said to be of maximal class if m > 2 and cl(G) = m − 1. As usually, G ′ , Φ(G), Z(G) denote the derived subgroup, Frattini subgroup and center of G, respectively. Let Γ i = {H < G | Φ(G) ≤ H, |G : H| = p i } so that Γ 1 is the set of maximal subgroups of G. If H < G, then Γ 1 (H) is the set of maximal subgroups of H. Let K n (G) be the n-th member of the lower central series of G. If M ⊆ G, then C G (M ) (N G (M )) is the centralizer (normalizer) of M in G. Next, K n (G) and Z n (G) is the nth member of the lower and upper central series of G, respectively. Given n > 2 and n > 3 for p = 2, let M p n = a, b | a
n−2 . Let D 2 m , Q 2 m and SD 2 m be dihedral, generalized quaternion and semidihedral groups of order 2 m , and let C p n , E p n be cyclic and elementary abelian groups of order p n . We write η(G)/K 3 (G) = Z(G/K 3 (G)); clearly, G ′ ≤ η(G). Let H p (G) = x ∈ G | o(x) > p be the H p -subgroup of G. Let µ n (G) be the number of subgroups of maximal class and order p n in G. In Lemma J we gathered some known results which are due to P. Hall, N. Blackburn and the author (proofs all of them are presented in [Ber1-4, Bla1-2, Hal1-2]).
Lemma J. Let G be a nonabelian p-group of order p m .
(a) (Blackburn) If G has no normal subgroup of order p p and exponent p, it is either absolutely regular or of maximal class. It follows from Lemma J(f) the following easy but important fact. If G is a p-group of maximal class, M ∈ Γ 1 is of maximal class and order > p 3 and M 1 is the fundamental subgroup of M , then M ∩ G 1 = M 1 . Indeed, M 1 is characteristic in M so normal in G. Since |G : M 1 | = p 2 , we get
The paper is self contained modulo Lemma J and few results from [Ber1-Ber4].
1. p-groups with exactly p + 1 subgroups of order p p and exponent p
In view of Lemma J(b), it is natural to investigate the p-groups G satisfying e p (G) = 1 + kp for k = 0 and 1. The case k = 0 has been treated only for p = 2 in the fundamental paper [Jan1] . In Theorems 1.1-1.3 we analyze the structure of p-groups G satisfying e p (G) = p + 1. Below we consider the p-groups G satisfying e p (G) < p + 1.
Case 1. Let e p (G) = 0. Then G has no subgroup of order p p and exponent p so G is either absolutely regular or of maximal class (Lemma J(a)); in that case, |Ω 1 (G)| < p p . Case 2. Let e p (G) = 1. Then |Ω 1 (G)| = p p . Indeed, let H be the unique subgroup of G of order p p and exponent p and D < H be G-invariant of index p in H. Assume that there is x ∈ G − H of order p. Then U = x, D is of order p p and exponent p (Lemma J(k)) and U = H, a contradiction. Case 3. Let 1 < e p (G) ≤ p. Then, by Lemma J(b), G is of maximal class since it is not regular, by Lemma J(k). If, in addition, e p (G) < p, then G has a normal subgroup of order p p and exponent p so |G| = p p+1 (Lemma J(f)). Now let e p (G) = p, m > p + 1 and let H < G be a subgroup of order p p and exponent p. Since H is not normal in G (Lemma J(e,h)), we get
is of maximal class and order p p+1 (Lemma J(e)(i)) so m = p + 2. (Note that e 2 (SD 2 4 ) = 2.) Clearly, e p (N G (H)) = e p (G).
Assume that this is false. Then Ω 1 (G) is of maximal class so it has exactly p + 1 maximal subgroups. Obviously, all e p (G) subgroups of order p p and exponent p are maximal subgroups of Ω 1 (G). However, by hypothesis, e p (G) > 1 so e p (G) ≥ p+1 (Lemma J(b)); then exp(Ω 1 (G)) = p, contrary to Lemma J(h). Remark 1.2. We claim that if G is a p-group with 1 < e p (G) < p 2 +p+1, then intersection of all its subgroups of order p p and exponent p has order p p−1 . Indeed, let R ⊳ G be of order p p−1 and exponent p (R exists, by Lemma J(a)) and let S < G be of order p p and exponent p such that R ≤ S. Set H = RS; then |H| ≥ p p+1 . Assume that |H| = p p+1 . Then d(H) ≥ 3, cl(H) < p and exp(H) = p so all ≥ p 2 + p + 1 maximal subgroups of order H have order p p and exponent p, contrary to the hypothesis. Now we let
. . , S k are pairwise distinct and have order p p and exponent p, contrary to the hypothesis since e p (G) < p 2 + p + 1. Thus, R is contained in all subgroups of G of order p p and exponent p. In particular, R is the unique normal subgroup of order p p−1 in G.
Remark 1.3. Let G be a p-group of order > p p+1 with e p (G) = 1. Then R = Ω 1 (G) is the unique subgroup of G of order p p and exponent p (see Case 2) . Then one of the following holds: (a) R ≤ Φ(G), (b) all members of the set Γ 1 not containing R, are absolutely regular, (c) all p 2 members of the set Γ 1 not containing R, are of maximal class. Indeed, the group G is not of maximal class since |G| > p p+1 (Lemma J(f)). Assume that R ≤ Φ(G). Let R ≤ M ∈ Γ 1 ; then Ω 1 (M ) = R ∩ M is of order p p−1 so M is either absolutely regular or of maximal class (Lemma J(a)). Assume that M is of maximal class and let R ≤ K ∈ Γ 1 . By Lemma J(l), K is not absolutely regular. Thus, all members of the set Γ 1 not containing R, are of maximal class, and the number of such members equals p 2 (Lemma J(i)). This argument also shows that if M is absolutely regular, then the set Γ 1 has no members of maximal class. This supplements Lemma J(n). Remark 1.4. Suppose that G is a p-group and R ≤ G is of order p p and exponent p. We claim that then Ω 1 (G) is generated by subgroups of order p p and exponent p. Indeed, it follows from Lemma J(g,i) that G has a normal subgroup D of order p p−1 and exponent p. If x ∈ G − D is of order p, then U = x, D is of order p p so it is regular. Since |U | = p p and Ω 1 (U ) = U , we get exp(U ) = p (Lemma J(k)), and our claim follows.
p+3 with e p (G) = p + 1, and let R 1 , . . . , R p+1 be all its subgroups of order p p and exponent p. Set H = Ω 1 (G). Then one of the following holds:
(a) H is of order p p+1 and exponent p and
In what follows we assume that R = R 1 is the unique normal subgroup of order p p and exponent p in G.
. . , RR p+1 are distinct conjugate subgroups of maximal class and order p p+1 with e p (RR i ) = 2 for i = 2, . . . , p + 1. (b6) T 2 , . . . , T p+1 are conjugate in G. One can choose numbering so that 
is of maximal class. In that case, H contains exactly p − 1 maximal subgroups L such that e p (L) = 0, and all these L are G-invariant. Exactly p 2 −p members of the set Γ 1 (H) of maximal class are not normal in G and their normalizers are all equal to N .
Proof. Since the set {R
of cardinality p+1 is G-invariant, one may assume that R = R 1 ⊳G. Then, by Lemma J(h), G is not of maximal class. By (Remark 1.4) , and G is as stated in part (a). Next we assume that G has no subgroup of order p p+1 and exponent p. Set N = N G (R 2 ). Then, since R 2 has at most p conjugates, we get
by the previous paragraph). By Lemma J(n), the set Γ 1 has no absolutely regular member.
Since G has no subgroup of order p p+1 and exponent p, then exp( Assume that
Suppose that H ≤ M ∈ Γ 1 . As we have noticed, M is not absolutely regular. Since e p (M ) < e p (H) = p + 1, it follows that e p (M ) ≤ p so either
p+2 , contrary to the hypothesis. Thus, M is not of maximal class so
As by product, we established that if R is the unique normal subgroup of G of order p p and exponent p, then R ≤ Φ(G). In what follows we assume that R 2 is not normal in G; then R is the unique normal subgroup of G of order p p and exponent p and R 2 , . . . , R p+1 are conjugate in G. By the previous paragraph, R ≤ Φ(G) and |G : N | = p. Next, R 2 , . . . , R p+1 ≤ Φ(G).
Since d(RR 2 ) = 2 and exp(RR 2 ) > p, not all conjugates of R 2 are contained in RR 2 so RR 2 is not normal in G. Then N G (RR 2 ) = N = N G (R 2 ) and RR 2 , . . . , RR p+1 is a class of p conjugate subgroups of G. Since RR i ∩ RR j = R for i, j > 1 and i = j, we get e p (RR i ) = 2 for all i > 1 since e p (G) = p + 1, and the proof of (b5) is complete.
Since G has no subgroup of order p p+1 and exponent p, we get exp(T i ) = p 2 . By Lemma J(n) applied to H, T i is not absolutely regular so Ω 1 (T i ) is of order p p and exponent p. By assumption,
is contained in all members of the set Γ 1 so T 1 ≤ Φ(G), and the proof of (b4) is complete.
Let
and this completes the proof of (b7).
Let K ∈ Γ 1 (H) be of maximal class and 1 ≤ e p (K) < p. Then K is not normal in G. This is clear if R < K, by (b5). If R ≤ K and K ⊳ G, then all subgroups of order p p and exponent p in K are normal in G, a contradiction since R is the unique G-invariant subgroup of order p p and exponent p. This proves (b8).
Assume that K ∈ Γ 1 (H) and e p (K) = p. Then R ≤ K (see (b5)) and R i R j = K for distinct i, j > 1. If i > 1, then R i is contained in exactly p − 1 maximal subgroups of H distinct of K and T i (all these p − 1 subgroups are of maximal class). Therefore, the set Γ 1 (H) contains exactly p(p − 1) pairwise distinct members M of maximal class different of K and such that e p (M ) > 0. All remaining p−1 members L of maximal class of the set Γ 1 (H)−{K} satisfy e p (L) = 0, and all these L are G-invariant. Indeed, since {R 2 , . . . , R p+1 } is the class of conjugate in G subgroups, it follows that K = R 2 . . . R p+1 ⊳ G. Next, all above mentioned p(p − 1) members of the set Γ 1 (H), by (b5), are not normal in G (otherwise, R 2 , . . . , R p+1 are normal in G). It follows that p − 1 subgroups L ∈ Γ 1 (H) with e p (L) = 0 are G-invariant, completing the proof of (b9).
Let G be a group of Theorem 1.5(b). Taking into account that
Therefore, the following result is of some interest. Theorem 1.6. Let G be a p-group with exp(Ω 1 (G)) > p. Then the following conditions are equivalent:
The reverse implication is a consequence of the following
containing L, are of maximal class.
is the integer part of a real number
is of order p and M = x, R , then exp(M ) > p, by the previous two paragraphs, so M ∈ Γ 1 is of maximal class (Lemma J(k)); then d(G) = 3, by Lemma J(i), and we conclude that
(e) The first assertion follows from Lemma J(i). Assume that exp(
(f) Assume that S is a nonnormal subgroup of order p p and exponent p in
, H is of maximal class (Lemma J(k)); in that case, as we have proved, Φ(G) = Φ(H). Then, since S ∈ Γ 1 (H), we get Φ(G) = Φ(H) < S, contrary to the assumption. Thus, all subgroups of order p p and exponent p are normal in
(h) By (e), the intersection of two distinct regular members of the set
. It follows that L is contained in exactly one regular member of the set Γ 1 so it contained in exactly p irregular members of that set. Proof of Theorem 1.6. It remains to show that (b) ⇒ (a). Let H = Ω 1 (G); then exp(H) > p, by hypothesis. As in the proof of Lemma 1.7(a),
In that case, by Lemma 1.7, applied to H, we get e p (H) = p + 1. But e p (G) = e p (H).
p-groups G with small
We begin with the following remark which deals with a partial case of Proposition 2.2.
and exponent p, and we conclude that G is not of maximal class [Bla] . Then H/F = Ω 1 (G/F ) is of order p so G/F is either cyclic or generalized quaternion.
and E is the unique normal subgroup (b) By hypothesis, |Ω 1 (G/E)| < p p , so G/E is either absolutely regular or irregular of maximal class (Lemma J(a)).
(c,e) Suppose that G/E is irregular of maximal class; then |G/E| ≥ p p+1 (Lemma J(k)). Assume that E < U ⊳G, where U is of order p 4 and exponent p (Lemma J(g)). Then |Ω 1 (G/U )| < p p−1 so G/U is absolutely regular (Lemma J(a,q)) and |G/U | ≥ p p , contrary to Lemma J(d). Thus, E is a maximal normal subgroup of G of exponent p. It follows from Lemma J(a) that p = 3.
Assume that E 1 is another normal elementary abelian subgroup of G of order
contrary to what has just been proved. The proof of (c) is complete. Now, (b) and (c) imply (e).
is isomorphic to a subgroup of E 3 2 since a Sylow 3-subgroup of Aut(E) is nonabelian of order 3 3 and exponent 3, and we conclude that
Proof. One may assume in (a) that Ω 1 (Z(G)) < Ω 1 (G); then every maximal elementary abelian subgroup U of G has order at least p n+1 . Suppose that we have proved that |E k−1 | ≡ 1 (mod p). Write
Thus, in any case, A i < B j for some j. By assumption, r ≡ 1 (mod p). Let α i be the number of members of the set E k , containing A i , and let β j be the number of members of the set
is proved. The same argument also suits for proof of (b). Proposition 2.3 is not true for p = 2 as the group G ∼ = D 8 shows.
The following result supplements the previous one.
Proposition 2.4. Let G be a nonabelian p-group, |Z(G)| = p n and let k ≤ n + 1. Let A i be the set of normal abelian subgroups of order p i in G.
the sets A k−1 and A k are nonempty. We have to prove that s ≡ 1 (mod p). We use induction on k. By induction, r ≡ 1 (mod p). Let α i be the number of members of the set A k that contain U i and let β j be the number of members of the set
so it suffices to prove that α i ≡ 1 (mod p) for all i. Let M i be the set of all members of the set A k that contain U i ; then |M i | = α i . All members of the set M i are contained in C G (U i ). Therefore, without loss of generality, one may assume
, and we are done.
Proposition 2.5. Let p p be the maximal order of subgroups of exponent p in a p-group G. Then either |Ω 1 (G)| = p p or the intersection K of all subgroups of order p p and exponent p in G has order p p−1 , and K is the unique normal subgroup of order p p−1 and exponent p in G.
, preceding Theorem 1.5). Now we let e p (G) > 1; then G is irregular (indeed, let R and S be two distinct subgroups of G of order p p and exponent p and V = R, S ; then exp(V ) > p, by hypothesis, and the claim follows, by Lemma J(k)). One may assume that G is not of maximal class since for such groups the assertion is true, by Lemma J(e)(i). Then G contains a normal subgroup R of order p p and exponent p (Lemma J(a)). We have R < Ω 1 (G). Now let F 0 be a subgroup of order p p and exponent p in G,
Thus, K is the intersection of all subgroups of order p p and exponent p in G. Since every G-invariant subgroup of order p p−1 and exponent p is contained in at least two distinct subgroups of order p p and exponent p, it coincides with K.
Groups and subgroups of maximal class
In this section we study subgroups of maximal class in a p-group. We also prove a number of new assertions on p-groups of maximal class. 
(b) Suppose, in addition, that M is irregular and G is not of maximal class. Let a positive integer k be fixed. Then the number t of subgroups L < G of maximal class and order
and N is of maximal class, by the above; then G is also of maximal class (Lemma J(d)). Now let M < C < N ; then the number of subgroups of order p in C/M is ≡ 1 (mod p) so the number of subgroups L/M < N/M of order p not contained in C/M , is a multiple of p (Sylow); since L, by the above, is of maximal class, we get t ≡ 0 (mod p).
(b) Let M be the set of all wanted subgroups. One may assume that M = ∅.
If k = 1, the assertion follows from (a). Indeed, assume that p does not divide t. It follows from (a) that then C = M and N is of maximal class so G is also of maximal class (Lemma J(d)), contrary to the hypothesis. Now let k > 1. We proceed by induction on k. Let N = {P 1 , . . . , P u } be the set of subgroups of maximal class and order
. . , V a } and M j = {W 1 , . . . , W b } be the sets of those subgroups of maximal class and order p|P 1 | in G which contain P i and P j , respectively, i = j. By (a), a and b are multiples of p. Assume that X ∈ {V 1 , . . . , V a } ∩ {W 1 , . . . , W b }. Then P i and and P j are distinct subgroups of index p in X so X = P i P j . Since X is of maximal class, we get d(X) = 2 so P i ∩ P j = Φ(X). Since M ≤ P i ∩ P j = Φ(X) and Φ(X) is absolutely regular (Lemma J(f)) and M is irregular, we get a contradiction. Thus, {V 1 , . . . , V a }∩{W 1 , . . . , W b } = ∅. Clearly, in this way we have counted all members of the set M. It follows that M = u i=1 M i is a partition, and we conclude that t = 
. Let H 1 be the fundamental subgroup of H; then H 1 is characteristic in H so normal in G. Since G/H is cyclic of order > p, we get Ω 1 (G) ≤ HR and |HR| = p|H| so H ∩R = H 1 ∩R has order p p−1 hence |H 1 R| = p|H 1 | = |H|, by the product formula. Next, Ω 1 (H 1 R) = R (Lemma J(n)) since H 1 R is neither absolutely regular nor of maximal class and absolutely regular subgroup H 1 ∈ Γ 1 (H 1 R) (Lemma J(h)). Assume that G has another normal subgroup R 1 of order p p and exponent p.
H has exactly one normal subgroup of order p p−1 , namely, Ω 1 (H 1 )). By Lemma J(b), e p (G) ≥ p + 1. Assume that R 2 ⊳ G is of order p p and exponent p such that R 2 ≤ RR 1 . We have R ∩ R 2 = R ∩ R 1 = R ∩ H (see the previous paragraph). Then H ∩ RR 1 = H ∩ RR 2 = T , where T is absolutely regular of order p p (note that RR 1 , RR 2 ≤ Ω 1 (G) ≤ HR). In that case, T R 1 = T R = RR 1 , T R 2 = T R so T R 1 = T R 2 = RR 1 , hence R 2 < RR 1 , contrary to the assumption. Thus, R 2 < RR 1 , i.e., all G-invariant subgroups of order p p and exponent p are contained in RR 1 . As we know, |RR 1 | = p p+1 . Since H has no normal subgroup of order p p and exponent p, exp(H ∩ (RR 1 )) > p so exp(RR 1 ) > p. By Lemma J(k), RR 1 is irregular so of maximal class whence d(RR 1 ) = 2. Since all e p (G) ≥ p + 1 normal subgroups of order p p and exponent p are maximal subgroups of the 2-generator group RR 1 , by what has just been proved, we conclude that exp(RR 1 ) = p, a contradiction. Thus, R 1 does not exist.
Let H ∈ Syl p (S p 2 ), p > 2. As G = H × C p 2 shows, Theorem 3.3 is not true for |H| = p p+1 . Let M n (G) be the set of subgroups of maximal class and order p n in a pgroup G of order p m , and write
, unless G is of maximal class. By Mann's Theorem 5.3 below, we also have µ 3 (G) ≡ 0 (mod p 2 ) provided m ≥ 5. Therefore, it is natural to study the p-groups G satisfying µ n (G) = p 2 for n ≥ 3. Note that, if G is of maximal class and n > p, then G = A | A ∈ M n (G) . Proof. We use the notation introduced in the statement of the theorem. We have |G :
. It follows that c 1 (N/S) = 1. Indeed, let V /S be a subgroup of order p in N/S and V = U (= D). Since all members of the set M n (G) are contained in U , S is the unique member of the set M n (G), which contained in V , and this is impossible (Lemma J(i)). Thus, c 1 (N/S) = 1, i.e., N/S is either cyclic or generalized quaternion, and G is as stated in (b).
(ii) Now let |N : S| = p for all S ∈ M n (G) (then N/S is cyclic). Remark 3.5. Let H < G, where H is a nonnormal subgroup of G of order p p and exponent p and let the p-group G be not of maximal class. Suppose that H G , the normal closure of H in G, is irregular of maximal class. We claim that then G has a normal subgroup F of order p p and exponent p such that |HF | = p p+1 and H ∩ F ⊳ G. Indeed, it follows from
is G-invariant of order p p−1 and exponent p and R < H (Lemma J(e)(i)). By Lemma J(g), R < F , where F ⊳ G is of order p p and exponent p. Then H ∩ F = R ⊳ G so |HF | = p p+1 , by the product formula.
Remark 3.6. Let G be a p-group of order p m , m > p+1, and let M ∈ Γ 1 . If G contains a subgroup H of order p p+1 such that H ≤ M , and all such H are of maximal class, then G is also of maximal class. Indeed, if m = p + 2,
, hence G is of maximal class, by Lemma J(i). Now let m > p + 2 and H be as above. Let R = M ∩ H be a maximal subgroup of H. Then R is a maximal regular subgroup of G, by hypothesis, and we conclude that G is of maximal class (Lemma J(e)(ii)) since |R| = p p .
Remark 3.7. Let G be an irregular p-group of maximal class and order > p p+1 , p > 2. Let us estimate p a = max {|A| | A < G, A ′ = {1}, A ≤ G 1 }, where G 1 is the fundamental subgroup of G. It follows from description of subgroups of G ( [Bla1] and [Ber2, Theorems 9.5 and 9.6]) that a ≤ p. We claim that a < p. Assume that this is false, and let A < G be an abelian subgroup of order ≥ p p such that A ≤ G 1 . Then |G : A| > p (otherwise, , and obtain a contradiction. Let H be as above. Then A is characteristic in H (Fitting's Lemma) so normal in G. It follows that A = Φ(G). Then, by hypothesis, all members of the set Γ 1 are of maximal class, a contradiction since C G (Z 2 (G)) ∈ Γ 1 is not of maximal class. Thus, |G : A| = p, as required.
Remark 3.10. Let A be a proper absolutely regular subgroup of a p-group G, p > 2, exp(A) > p such that, whenever A < B ≤ G with |B : A| = p, then Ω 1 (B) = B. Then G is of maximal class. If, in addition, |A| > p p , then A = G 1 . Assume that the first assertion is false; then N G (A) is not of maximal class (Lemma J(d)). Therefore, one may assume that N G (A) = G. If B/A ≤ G/A is of order p, then, in view of exp(B) ≥ exp(A) > p and Ω 1 (B) = B, we conclude that B is irregular (Lemma J(k)). Assume that B is not of maximal class. Since B is also not absolutely regular, we get B = AΩ 1 (B), where Ω 1 (B)(= B) is of exponent p (Lemma J(n)), contrary to the hypothesis. Thus, every subgroup of G of order p|A|, containing A, is of maximal class so G is of maximal class, by Remark 3.2. Let, in addition, |A| > p p and assume that A = G 1 . Then |G : A| > p. Let A < B < T ≤ G with |B : A| = p = |T : B|. Then A ⊳ T since A is characteristic in B, and T is of maximal class. It follows that A = Φ(T ) ≤ Φ(G) < G 1 , a contradiction.
Proposition 3.11. Let R be a subgroup of order p of a nonabelian pgroup G. If there is only one maximal chain connecting R with G, then either
Proof. We have C G (R) = R × Z, where Z is cyclic of order, say p n . Assume that n > 1. We have
Now let n = 1. In that case, any subgroup of G, properly containing U , is of maximal class (Lemma J(o)). Let U ≤ B < G. Then N G (B) is of maximal class so |N G (B) : B| = p (Lemma J(b)) so G satisfies the hypothesis. Proof. Since |Z(K)| = p and K is noncyclic, we get K ≤ Φ(G).
, then e p (G) = e p (K) ≡ 0 (mod p) so G is of maximal class (Lemma J(b)). In both cases, |G : K| = p, by Lemma J(f).
(ii) Now let K be regular. Then exp(K) = p (Lemma J(k)) so p > 2: K is nonabelian. Since G is irregular, we get |K| ≥ p p−1 (Lemma J(q)). If |K| = p p−1 , then G is of maximal class (Lemma J(a)). In that case, K ≤ Φ(G), and K is not of maximal class (Lemma J(f)), a contradiction.
Therefore, since the order of regular p-group of maximal class is at most p p , we must have |K| = p p . If G is of maximal class, then |G| = p p+1 (Lemma J(h)), and in this case (b) is true. Next assume that G is not of maximal class; then |G| > p p+1 . Then K has a G-invariant abelian subgroup
is of order p p−1 and exponent p (recall that K = Ω 1 (G)) so M is absolutely regular since it is not of maximal class (Lemma J(a)). Now let F ∈ Γ 1 be of maximal class. Since M ∈ Γ 1 is absolutely regular, it follows that G is of maximal class (Lemma J(l)), a contradiction. Taking, from the start, F ≥ K, we see that F is absolutely regular. Thus, all maximal subgroups of G not containing K, are absolutely regular.
Proposition 3.14. Let G be a p-group of exponent > p and H < G be either absolutely regular or of maximal class.
then G is of maximal class.
Proof. (a) The group G is irregular (otherwise, H p (G) = G).
(i) If H is absolutely regular, then each subgroup of G of order p|H|, containing H, is generated by elements of order p so G is of maximal class (Remark 3.10).
(ii) Now suppose that H is of maximal class but not absolutely regular. Since exp(H) = exp(G) > p, we get |H| ≥ p p+1 so H is irregular (Lemma J(h)). Assume that |H| > p p+1 . Then c 1 (G) ≡ c 1 (H) (mod p p ) so G is of maximal class (Lemma J(b)). Now let |H| = p p+1 . Assume that G is not of maximal class. In view of Theorem 3.1(b), one may assume that |G : H| = p. Let T 1 , . . . , T p+1 be all regular members of the set Γ 1 (Lemma J(i)); then Proof. By [Ber1, Theorem 7.14(b)], there is E p p−1 ∼ = E ⊳ G. Let E 1 < G be another elementary abelian subgroup of order p p−1 and set H = EE 1 . Then |G| > p p (otherwise, G = H and, by Fitting's Lemma, cl(G) ≤ 2 < p) so G is irregular (Lemma J(d)). It follows that E ≤ Φ(G) (Lemma J(f)). We claim that H is regular. Assume that this is false. Then |H| ≥ p p+1 so H is of maximal class and we get E ≤ Φ(H) so H = EE 1 = E 1 , a contradiction. Thus, exp(H) = p (Lemma J(k)) so |H| = p p (recall that a p-group of maximal class has no subgroup of order p p+1 and exponent p), and then cl(H) ≤ 2, by Fitting's Lemma.
Assume that |G| > p p+1 . We have E = Ω 1 (Φ(G)). Next, H is nonabelian (Lemma J(p); see also Remark 3.7) so Z(H) = E ∩ E 1 has index p 2 in H. Let A < H be minimal nonabelian; then |A| = p 3 since exp(A) = p (Lemma J(t)). By the product formula,
Since all subgroups of G, that contain H, are of maximal class, it follows that H ′ = Z(G). Let H < F < M ≤ G, where |F : H| = p = |M : F |; then F and M are of maximal class. By Lemma J(f), H is not normal in M . Therefore, H 1 = H x = H for every x ∈ M − F and H 1 < F . As above, H ′ 1 = Z(G). In that case, H/Z(G) and H 1 /Z(G) are two distinct abelian maximal subgroups of F/Z(G) so cl(F/Z(G)) ≤ 2 (Fitting's Lemma). In that case, cl(F ) ≤ 3, a contradiction since F is of maximal class and order p p+1 so cl(F ) = p ≥ 5. Thus, |G| = p p+1 . Let, in addition, {E 1 , . . . , E k } be the set of elementary abelian subgroups of order p p−1 in G, and k > p + 1. To prove that G ∼ = Σ p 2 , it suffices to show that G has an elementary abelian subgroup of index p (Lemma J(p)). Assume that this is false. By the above, one may assume that
Lemma J(p)). Then N 2 has at most p + 1 abelian subgroups of index p so one may assume that N G (E p+2 ) = N p+2 = N 2 . Again cl(N p+2 ) = 2. Then, by Fitting's Lemma, Proof. By Corollary 3.16, A ≤ Ω k (G 1 ), and we are done if ǫ = 0. If
Remark 3.18. If every maximal abelian subgroup of a nonabelian pgroup G is either cyclic or of exponent p, then one of the following holds:
(a) exp(G) = p, (b) G is a 2-group of maximal class, (c) p > 2 and G is of maximal class and order p p+1 at most. Indeed, suppose that exp(G) > p and G is not a 2-group of maximal class. Then G has a maximal abelian subgroup, say A, which is cyclic. Since Z(G) < C G (A) = A, the center Z(G) is cyclic. Let R ⊳ G be abelian of type (p, p) and set C = C G (R). Then ℧ 1 (A) < C since |Aut(R)| p = p and so |G : C| = p. Every maximal abelian subgroup, say B, of C contains R so noncyclic. If B ≤ D < G, where D is maximal abelian in G, then exp(D) = p. It follows that exp(B) = p, and we get exp(C) = p so A ∼ = C p 2 . It follows from C G (A) = A that G is of maximal class (Lemma J(o)). Since G has no subgroup of order p p+1 and exponent p (by induction and Lemma J(i)), we get |G| = p|C| ≤ p p+1 .
Remark 3.19. Let G be a p-group of order > p p+1 such that it is not of maximal class and
Remark 3.20. Suppose that a p-group G is neither absolutely regular nor of maximal class. Then one of the following holds: (a) G has a characteristic subgroup of order ≥ p p and exponent p, (b) G has an irregular characteristic subgroup H of class p such that Φ(H) is of order p p−1 and H is generated by Ginvariant subgroups of order p p and exponent p containing a fixed (= Φ(H)) characteristic subgroup of G of order p p−1 and exponent p. Indeed, if G is regular, then |Ω 1 (G)| ≥ p p , and (a) holds (Lemma J(k)). Therefore, in what follows we may assume that G is irregular. We also assume that (a) is not true. By Lemma J(q), G ′ has a characteristic subgroup R of order ≥ p p−1 and exponent p; then R is characteristic in G and
p so H is irregular and then cl(H) = p since H/R is elementary abelian. By Lemma J(q), R = Φ(H).
Remark 3.21. Let G be a group of exponent p and order p m > p p . We claim that then G/K p (G) is not of maximal class. Assume that this is false. Then K p (G) > {1}. Passing to quotient group, one may assume that K p (G) is of order p. In that case, cl(G) = p so G is of maximal class and order p p+1 , contrary to Lemma J(h).
We divide the p-groups of maximal class and order > p p+1 in three disjoint families.
Definition 3.22. Let G be a group of maximal class and order p m , m > p + 1. Then G is said to be
Then G/L has two distinct cyclic subgroups A/L and B/L of index p, and we get A ∩ B = Z(G) so G/L is minimal nonabelian of order p 5 , a contradiction. We obtained the group from (a).
Let |G : (
Since G/K has only one normal subgroup of order p, we conclude that Z(G/K) is cyclic. Let p > 2 and set
If a group G of order 2 6 has only one normal subgroup of index 2 3 , then one of the following holds: (i) G is cyclic, (ii) G is of maximal class, (iii) G is the Suzuki 2-group (see [HS] ).
We claim that if a metacyclic p-group G of order > p 3 has only one normal subgroup of index p 3 if and only if one of the following holds: (i) G is cyclic, (ii) G is a 2-group of maximal class, (iii) G ∼ = M p 4 . Assume that G has no cyclic subgroup of index p. ThenḠ = G/℧ 2 (G) is metacyclic of order p 4 and exponent p 2 . Then Ω 1 (Z(Ḡ) ∼ = E p 2 soḠ has two distinct normal subgroups A and B of order p. Since |G : A| = p 3 = |G : B|, we get a contradiction. Next, a p-group of order > p 3 contains a cyclic subgroup and has only one normal subgroup of index p 3 if and only if it is one of groups (i)-(iii).
Remark 3.27. Let H < G be nonnormal, |G| = p m > p p+1 , |H| > p 2 and N G (H) is of maximal class. Then G is of maximal class (Lemma J(d)) and
where |F : H| = p. Then F = N G (H) (compare the orders!). By the choice, K ⊳ F and F is of maximal class. Since |F : K| = |F :
Let G be a 3-group of maximal class and order > 3 4 and let x ∈ G − G 1 ; then B = x, Z 2 (G) is of order 34. p-groups with exactly one noncyclic abelian subgroup of order p
3
In the proof of Theorem 4.2 we use the following Remark 4.1. If U is a cyclic subgroup of order p 2 of a nonabelian pgroup G such that C G (U ) > U is cyclic, then p = 2 and G is a 2-group of maximal class. Indeed, if C G (U ) < H ≤ G with |H : C G (U )| = p, then H is nonabelian with cyclic subgroup of index p. It follows from Lemma J(m) that p = 2 and H is of maximal class. Assuming that G is not of maximal class, we get H < G. Let H < F ≤ G with |F : H| = 2. Since |H| > 8, the subgroup U is characteristic in H so U ⊳ F . In that case, |F : C F (U )| = 2 so
Theorem 4.2. Let G be the p-group of order p m > p 4 with exactly one noncyclic abelian subgroup A of order p 3 . Then one of the following holds:
Proof. Obviously A ⊳ G and G is not a 2-group of maximal class (all abelian subgroups of order 8 in a 2-group of maximal class are cyclic).
Assume that G is of maximal class, p > 2. Let U ⊳ G be of order p 2 and let L < C G (U) be G-invariant of order p 4 . If p = 3, then L is metacyclic of exponent 9 and either abelian or minimal nonabelian. In that case, L has 3+1 distinct noncyclic abelian subgroups of order 3 3 , contrary to the hypothesis. If p > 3, then exp(L) = p and L is nonabelian since, otherwise, it has > 1 (noncyclic) abelian subgroups of order p 3 . Let M < L be minimal nonabelian; then U ≤ M . In that case, L = M × V for some subgroup V < U of order p so L has p + 1 distinct noncyclic abelian subgroups of order p 3 , a contradiction. Thus, G is not of maximal class.
(i) If B < G is nonabelian of order p 3 , then C G (B) < B (otherwise, B * C G (B) has two distinct noncyclic abelian subgroups of order p 3 ). Then G is of maximal class (Lemma J(c)), contrary to the previous paragraph. Thus, G has no nonabelian subgroup of order p 3 . (ii) Let U ≤ G be minimal nonabelian. In that case (see (i) and Lemma J(t)), U ∼ = M p n , n > 3 so A < U and Ω 1 (A) ∼ = E p 2 ; then A is abelian of type (p 2 , p) and Ω 1 (A) ⊳ G.
(iii) Assume that there is x ∈ G − A of order p. Then B = x, Ω 1 (A) is of order p 3 . By (i), B is noncyclic abelian, a contradiction since B = A, by the choice of x. Thus, Ω 1 (G) = Ω 1 (A).
(iii) Assume that there is y ∈ G − A of order p 2 . Write Y = y . Set H = Ω 1 (A)Y ; then |H| = p 3 , by (iii), so H is noncyclic abelian, by (i), and H = A, by the choice of y, a contradiction.
Thus, Ω 2 (G) = A so G is one of groups (a), (b), (c) (Lemma J(s)). Remark 4.3. Suppose that the 2-group G has exactly one abelian subgroup, say A, of type (4, 2). We claim that then c 2 (G) = 2 (see [Ber1, Theorem 2.4 ] where such G are described). Clearly, G is not of maximal class, G has no abelian subgroups of types (4, 2, 2) and (4, 4) and it has no subgroup ∼ = D 8 * C 4 of order 16. Assume that L < G be cyclic of order 4 such that A is abelian of type (4, 2) , a contradiction. Thus, Φ(A) < L. Then LA of order 16 is nonabelian (otherwise, it must be of order 16 and exponent 4, and such group has two distinct abelian subgroups of type (4, 2)). Then, by Lemma J(o), C A (L) is of order 4 since LA is not of maximal class, so C A (L)L( = A) is abelian of type (4, 2), a contradiction.
We claim that if an irregular p-group G of order > p p+1 is neither absolutely regular nor of maximal class, then one of the following holds: (a) G has a subgroup E of order p p+1 and exponent p or (b) there is H ∈ Γ 1 such that
. If an element x ∈ C − R has order p, then E = x, R is of order p p+1 and class ≤ p − 1 so regular; then exp(E) = p. Now suppose that (a) is not true; then
Let G be a p-group of maximal class. Then it contains a self centralizing subgroup H of order p 2 (Blackburn) . We use this in Proposition 4.4.
Proposition 4.4. Let G be a group of maximal class and order
Proof. Since |Z(G)| = p, we get |D| = p 3 . If u ∈ G − D centralizes D, thenū centralizesD andū ∈D, contrary to the choice ofD. Thus,
so D is nonabelian, completing the proof of (a). Now (b) follows from Proposition 3.25.
Some counting theorems
The following proposition is known.
If d(G) = 2, then Φ(G) is abelian and Γ 2 = {Φ(G)} so, by (5.1) and (5.2), µ 3 (G) ≡ 0 (mod p 2 ). It remains to consider the case d(G) > 2. By (5.1) and (5.2), we get µ 3 (G) ≡ 0 (mod p). Therefore, if |Φ(G)| = p, all nonabelian subgroups of G contain Φ(G) so are members of the set Γ 2 , and now the result follows from (5.1). Now we let |Φ(G)| = p 2 . We are done provided Φ(G) ≤ Z(G) since then all members of the set Γ 2 are abelian; therefore assume that Φ(G) ≤ Z(G). In that case, |G : C G (Φ(G))| = p so C G (Φ(G)) contains exactly p + 1 (abelian) members of the set Γ 2 . Thus, the set Γ 2 has exactly |Γ 2 | − (p + 1) = p 2 members of the set M 3 (G), and we get, by (5.1),
, by (i). Substituting this in (5.1), we complete the proof.
Proposition 5.4. Suppose that a p-group G of order > p p+2 is neither absolutely regular nor of maximal class. If R ⊳ G is of order p, then one of the following holds:
(a) The number of abelian subgroups of type (p, p) in G, containing R, is
contains exactly p subgroups of order p different of R. We see that exactly p subgroups of order p, different of R, produce the same abelian subgroup of type (p, p) containing R. If L 1 ∈ RL is of order p, then RL ∩ RL 1 = R. Suppose that the required number equals s. Then ps
(i) Suppose that G/R is absolutely regular. Since G has a normal subgroup of order p p and exponent p, we get |Ω 1 (G/R)| = p p−1 so c 1 (G/R) = 1 + p + · · · + p p−2 . Thus, there are 1 + p + · · · + p p−2 subgroups of order p 2 lying between R and G, and exactly 1 + p + · · · + p p−2 + ap p−1 among them are noncyclic, by (a). It follows that a = 0 so in our case the desired number equals 0.
(ii) Let G/R be irregular of maximal class. Then c 1 (G/R) = 1 + p + · · · + p p−2 + bp p for some integer b ≥ 0 (Lemma J(j)). Thus, there are 1 + p + · · · + p p−2 + bp p subgroups of order p 2 between R and G, and exactly 1 + p + · · · + p p−2 + ap p−1 among them are noncyclic, by (a). In that case, the desired number is ( 
is abelian of type (4, 2), then c 1 (H i ) ≤ 7, i = 1, 2, 3, and, by the formula for c 1 (G), we get c 1 
Indeed, the contribution of one irreducible character χ of degree 2 k > 2 in the sum χ∈Irr(G) χ(1) equals 2 k , on the other hand, the contribution of 2 2k−2 irreducible characters of degree 2 equals 2 2k−1 > 2 k (the sum of squares of degrees of those characters is 2
The same argument as in Example 6.1, shows that then cd(G) = {1, 2}, |G ′ | = 2 and every irreducible character of G is afforded by a real representation. It follows that exp(G/G ′ ) = 2.
We have |Irr( 
p-groups close to Dedekindian
Here we prove the following Theorem 7.1. Let G be a nonabelian p-group of order > p 3 and exponent > p > 2, all of whose nonnormal abelian subgroups are cyclic of the same order p ξ . Then |G ′ | = p and one and only one of the following holds:
(a) ξ = 1. In that case, one of the following assertions is true: (1a) G = Z * G 0 , where Z is cyclic and G 0 is nonabelian of order p is a metacyclic minimal nonabelian group, 1 < ξ ≤ m.
Proof. Let A < G be nonnormal cyclic; then |A| = p ξ and A is a maximal cyclic subgroup of G.
Let U = Ω 1 (Z(G)) and assume that |U | > p 2 . Then AU is abelian and noncyclic so AU ⊳ G. Let B/A and C/A be distinct subgroups of order p in AU/A. Then B and C are normal in G since they are abelian and noncyclic so A = B ∩ C ⊳ G, contrary to the choice of A. Thus, |U | ≤ p Let H < G be nonnormal cyclic. Then H ∩ G ′ = {1} so H ∩ a = {1}. It follows that H is isomorphic to a subgroup of the group G/ a so H is cyclic of order ≤ p ξ . Assume that ξ > m. Then the cyclic subgroup ab Definition 8.1. Let s be a positive integer. A p-group G is said to be an L s -group if Ω 1 (G) is of order p s and exponent p and G/Ω 1 (G) is cyclic of order > p. Definition 8.2. A 2-group G is said to be a U 2 -group if it contains a normal subgroup R ∼ = E 4 (a kernel of G) such that G/R is of maximal class and, if T /R is a cyclic subgroup of index 2 in G/R, then Ω 1 (T ) = R.
It is easy to show that a U 2 -group has only one kernel. Remark 8.4, one may assume that H 2 /R is of maximal class and H 3 /R is not of maximal class. It follows from Ω 1 (T ) = R (indeed, T < H 1 ) that H 2 is a U 2 -subgroup. Clearly, H 3 is neither an L 2 -subgroup since G/R has no cyclic subgroup of index 2 nor U 2 -group. We have, by induction, c k (H 3 ) ≡ 0 (mod 4). Since c k (H i ) ≡ 2 (mod 4) (i = 1, 2), by Remark 8.3, we get c k (G) ≡ c k (H 1 ) + c k (H 2 ) + c k (H 3 ) ≡ 2 + 2 + 0 ≡ 0 (mod 4), so (8.2) is true.
Janko [Jan2] has classified the 2-groups G with c k (G) = 4, k > 2. The proof of this boundary result, which is fairly involved, shows that the assertion of Theorem 8.5 is very strong.
If G be a group of exponent p e , then Proposition 8.7. For a p-group G of order p n+2 , n > 1, the following conditions are equivalent: n+2 . Since n = cl(H) ≤ cl(G) ≤ n, we get cl(G) = n, completing the proof of (a).
Using Proposition 8.7, it is easy to classify the 2-groups G of order 2 n+2 such that cl(G) = n and d(G) = 3 (see also [Jam] ).
